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Abstract 

We are concerned with a viscous Burgers equation forced by a per- 
turbation of white noise type. We study the corresponding transition 
semigroup in a space of continuous functions weighted by a proper 
potential, and we show that the infinitesimal generator is the closure 
(with respect to a suitable topology) of the Kolmogorov operator as- 
sociated to the stochastic equation. In the last part of the paper we 
use this result to solve the corresponding Fokker-Planck equation. 
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1 Introduction and preliminaries 



We consider the stochastic Burgers equation in the interval [0, 1] with Dirich- 
let boundary conditions perturbed by a space-time white noise 

dX = (^Ix + i D^^X"^)^ dt + dW, [0, 1], t > 0, 
' X(t,0) =X(t,l) = 

.^(o,0 = a;(0, [0,1], 

where x G I^^(0, 1) and is a cyhndrical Wiener process defined in a prob- 
abihty space (il, JF, P) and with values in L^(0, 1). 

The unknown X is a real valued process depending on ^ G [0,1] and t > 0. 
It is known that there exists a unique solution with paths in C([0, T], L^(0, 1)) 
(see PB1I3]). In the paper [SIBllSj it has been proved that all the moments of the 
solution are finite. Starting by this result, we study the associated transition 
semigroup and the associated Kolmogorov operator in spaces of continuous 
functions with polynomial growth. 

Let us write problem ([T]) in an abstract form. We denote by -L^(0, 1), p> 
1, the space of all real valued Lebesgue measurable functions x : [0, 1] — M 
such that 

i/p 



\x\r>:= <+oo 



and by L°°(0, 1) the space of all real valued Lebesgue measurable essen- 
tially bounded functions endowed with the usual supremum norm |x|oo, 
X G L°°(0, 1). We consider the separable Hilbert space H := L^(0, 1) (norm 
I ■ I2 and inner product {x,y) = \xy\i, x,y ^ H). As usual, H''{0, 1), G N, 
is the Sobolev space of all functions in H whose differentials belong to H up 
to the order k, and Hq{0, 1) is the subspace of H^{0, 1) of all functions whose 
trace at and 1 vanishes. We define the unbounded self-adjoint operator A 
in H by 

Ax=—x, xED{A) = H^{0,l)nH^{0,l). 

Finally, we denote by {ek}kim the orthonormal system in H given by the 
eigenvectors of A 

ek{0 = ^MkO, ^e[o,i],keN. 
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The cylindrical Wiener process W{t) is given (formally) by 

oo 

W{t) = Y,Pk{t)ek, t>0, 



k=l 



where {Pk} is a sequence of mutually independent standard Brownian mo- 
tions on a stochastic basis {fl,J-, {^t)t>o,^)- We set 

b{x) = ^D^{x'), xeD{h) = Hl{Q,l). 

Thanks to the introduced notations, we write problem ([T]) as 

' dX ={AX + b{X))dt + dW{t), 

X{Q)=x, xeH 



(2) 



The unique solution of ([2]) is denoted by X(t, x). The corresponding 
transition semigroup Pj, t > is given by 



Pt^{x) = E[^{X{t,x))], t>0,^e Cb{H), xeH, 



(3) 



where Cb{H) is the Banach space of all continuous and bounded real valued 
functions (f : H ^ endowed with the supremum norm 

llv^llo = sup \^pix)\ 

and E means expectation. In [3B1I8] it has been proved the following 

Proposition 1.1. For any p > 2, k > 1, T > there exists a constant Cp^k,T 
such that 



E 



sup \X{t,x)\p 

iG[0,T] 



< C 



Then the semigroup Pj is extendible to spaces of real valued continu- 
ous functions with polynomial growth. In particular, Pt acts on the space 
Cby{L^{0,l)) of all continuous functions : L^(0, 1) M such that the 
function 

ip{x) 



L^(0,1) 



X 



1 + V{x) 



is bounded and where 



V{x) ■.= \x\l\x\i xeL%0,l). 



3 



The space Cby{L^{0, 1)), endowed with the norm 



\ip\\oy := sup 



1 I T 7" / \ 

xeL6(o,i) 1 + V{x) 

is a Banach space. 

The semigroup Pt is not strongly continuous in Cby{L^{0, 1)) (neither in 
Cb{H)). However, it is strongly continuous with respect to weaker topologies. 
We follow here the approach of the vr-convergence, suggested by Priola in 
|24B4l [2l]. The semigroup Pt can be also studied in other frameworks, for 
instance with respect to uniform convergence on compact sets (see PEIE], 
|16ll6lfT6] and Proposition 14.41 below) . We define the infinitesimal generator 
of Pt by setting 

D{K, Chy{L\0, 1))) = 1^ G C,y{L%0, 1)) : 3g G ^,^(^^(0, 1)), 
hm -P^V^(^) - y^(^) =g(x),xeL%0,l), sup 



Ptip - ip 


< oo I 


t 


o,v ) 



K^{x)= lim ~ '^^^^ , ^ e D{K,Cbv{L%0,l))), X e L%0,1). 

t^o+ t 

(4) 

The Kolmogorov operator associated to equation ([2]) is formally given by 
Ko^ix) = ^Tt[D^^{x)] + {x,AD^{x)) - ^{D^D^{x),x''), (5) 

where (p : -L^(0, 1) ^ M is a suitable function and Tr means trace. 

The main result of this paper consists in Theorem (17. ip below where 
we show that {K, D{K,Cby{L^ (0,1)))) is the closure, with respect to the 
vr-convergence, of the operator Kq define on the domain £a{H) (the set of 
exponential functions) , which consists of the linear span of the real and ima- 
ginary part of the functions 

H ^C, x^ e*<^''*\ h G D{A). 

In other words, we show the set of exponential functions £a{H) is a core for 
{K,D{K,C,y{L\Q,l)))), and = K,^, Wif G £a{H). 

Apart for the interest in having a better understanding of the operator Kq, 
the main motivation is to solve the corresponding Fokker-Planck equation 

^fit = K^nt, t > 
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where the family of measures /i^, t > in the unknown and /i is a given Borel 
measure on H. The meaning of this problem will be explained by Theorem 
11.21 below. Before introducing it, we need some notation. 

If is a Banach space, M.{E) is the set of all Borel finite measures on 
E. If /i G J^{E), we denote by |/x|ry the total variation measure of /i. We 
shall denote by A1y(L6(0, 1)) the set of all /i G ^^(^^(0, 1)) such that 

V{x)\ii\Tv{.dx) < oo. 

L6(0,l) 

The second main result of this paper is 

Theorem 1.2. For any ^ G A1y(L^(0, 1)) there exists an unique family of 
measures {fit, t > 0} C A^y(L^(0, 1)) fulfilling 

[ ([ {1 + V {x))\ixt\Tvidx)] dt < oo, VT>0 (6) 

Jo ViL6(0,l) / 

and the Fokker-Planck equation 

/ (p{x)fit{dx) — / (p{x)^{dx) = / I / KQ(p{x)fis{dx) J ds, 

(7) 

t > 0, (/? G Sa{H). Moreover, the solution is given by P^fi, t >0. 
The meaning of P^n will be made clear by Theorem 18.21 below. 

In the papers |2gB5[ [25]. [29261126] . the stochastic partial differential equa- 
tion 

idXt = {AX{t) + F{X{t))) dt + ^/QdW{t) 
\x{0) = xeH, 

has been considered, where H := L^(0, 1), W{t), t > is a cylindrical Wiener 
process on H, Q : H ^ H is a nonnegative definite symmetric operator of 
trace class, A is the Dirichlet Laplacian on (0,1), F : Hq{0,1) H is a. 
measurable vector field of the form 

F{x){r) = ^(^ox) (r) + <l>(r,x(r)), x G H^{0,1), r G (0,1). 

The associated Kolmogorov operator is 

C^{x) = ^Tr {QD^^{x)) + {Ax + F{x), D^{x)) , 
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where (p : H —>■ M is a suitable cylindrical smooth function. Roughly speak- 
ing, the authors show that C can be extended to the generator of a strongly 
continuous semigroup in a space of weakly continuous functions weighted by 
a proper Lyapunov-type function. Then, they construct a Markov process 
which solves equation ([8]) in the sense of the martingale problem. 

We stress that in [23251125] . |26B6[ [26] the noise is driven by a trace class 
operator, whereas in our case the perturbation is of white noise type. In this 
direction, the results of Theorem 18.21 seem to be new. 

We mention also the papers [TM61 IT6]. [2nEn[ [2n]. [2M1ET], where Kol- 
mogorov operators of Ornstein-Uhlenbeck and reaction-diffusion type are 
considered in spaces of uniformly continuous functions. 

In HEli (see, also, [Mol[Tn], [mUE], [HElIls], [T3El[i3, PSi, 

|iyil9i [TU]) the operator Kq has been considered in the space L'^{H; u), where 
i> is the invariant measure (its existence is proved in [3B| [3]) of the semigroup 
Pt, t > 0. In addition, several estimates are proved in order to ensure that 
the operator Kq is m-dissipative in L^(if;z/). Therefore, the authors show 
that the operator Kq can be uniquely extended to the infinitesimal generator 
of the semigroup Pt in L'^{H; v). 

The approach we use has been developed in |2U[20l[^ . where a Fokker- 
Planck equation has been considered for Ornstein-Uhlenbeck operator per- 
turbed by a Lipschitz and bounded term. In the paper |2]jBlll2T] . this 
approach has been extended also to reaction-diffusion operators, and the 
Fokker-Planck equation has been solved for measure with finite moments up 
to a suitable degree. 

We mention also |ldlI8t [TH]. where Markov transition semigroups on spaces 
of measures have been considered, and the theory of such semigroups is 
developed. 

Existence of measure valued solutions for equations involving second or- 
der partial differential operators in infinite dimensional spaces has been also 
considered in PUp. However, in this paper we concentrate on uniqueness of 
the solution, whereas in [Mill] it has been shown existence results. 

The paper is organized as follows: in the next two sections we shall in- 
troduce notation and we derive some preliminary results that will be used 
throghout the paper. In section 4, we shall study the transition semi- 
group Pt in in C;,y(L®(0, 1)). In section 5, we shall introduce the Ornstein- 
Uhlenbeck semigroup and the corresponding operator in the spaces Cb,i{H) 
and Cfty (L^(0, 1)). Section 6 is devoted to study the Galerkin approxima- 
tions of problems ([T]), ([2]) and to derive some fundamental estimate on the 
associated transition semigroup. In section 7 we show the main result of the 
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paper, that is that the Kolmogorov operator Kq is the characterization on a 
core of the operator (jl]) . Finally, section 8 is devote to the proof of Theorem 
E2 



2 Notations and preliminary results 

If E, E' are, respectively, a topological space and a Banach space with norm 

I ■ 1^;/, we denote by Cb{E,E') the Banach space of the bounded continuous 
function : E ^ E' endowed with the supremum norm 

\Mc,iE,E') ■■= sup \ip{x)\E'. 

When E' = Rwe write CbiE) = Cfc(E,M). li E = H, we simply denote by 

II • llo the supremum norm of Cb{H). We also denote by Cb,i{H) the Banach 
space of all continuous functions / : — M such that 

ll/llo,i := ||(l + |-|2)-Vl|o<oo. 

The set Cl{H) is the space of all ip G Cb{H) which are Frechet differentiable 
with continuous and bounded differential Dip G Cb{H,H). 

We now introduce the definition of vr-convergence. Here, E denote a 
topological space. A sequence {ipn}neN C Cb{E) is said to be n-convergent 
to a function ip G Cb{E) if 

lim ipn{x) = ip{x), Wx E E 

n-~*oo 

and 

sup ||V5„||C5(E) < OO- 
neN 

Similarly, the m-indexed sequence {v2ni,...,n,„}nieN,...,n™eN C Cb{E) is said to 
be vr-convergent to y9 G Cb{E) if for any iG{l,...,m — 1} there exists an 
i-indexed sequence {'Pni,...,ni}nim,...,nieN C Cb{E) such that 

lim (Pm,...,n,+i = ^nu...,ni, i G {1, . . . , m - 1} 

and 

lim ipn^ = (p. 

rii— >oo 

We shall write 

lim ■ ■ ■ lim P'm,...,n^ = ^ 

711— >00 71,n— >00 

OT ipn p> n ^ OO, when the sequence has one index. 
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We recall that the operator A is the infinitesimal generator of a strongly 
continuous semigroup in H, which we denote by e*"^, t > 0. Moreover, the 
semigroup e*"^ can be extended to -L^(0, 1), for any p > 1, and for all p > 1 
the constant Ap = 2p''^{p — l)n'^ verifies 



3 Estimates on the solution 

Here we collect some properties of the solution of [H A fundamental role will 
be played by the so-called stochastic convolution VFa(^), which is formally 
given by 

WA{t) = / e(*^")^diy(s) = V / e(*-")^efcd/3fc(s). (9) 
Jo Jo 

For any t > 0, the process WA_{t) has gaussian law of zero mean and covari- 
ance operator 

Jo 

As easily seen, the operator Qt is trace class. Now set 

Y{t,x) = X{t,x) - WA{t). 

We write (12]) as 

Y{t, x) = e'^x + f e^*-^)^^ {Y{s, x) + Wa{s, x)f ds, 

Jo C4 (10) 

Y{0,x) = x, xeH 

As we shall see, if z{t) G 1.^(0,1) a.s., then e^^^z"^ G 1.^(0, 1) is bounded. 
Then the above integral converges and the equation is meaningful. We now 
give the precise meaning of solution. We say that X{t,x) is a mild solution 
of (12D if Y{t,x) = X{t,x) - WAit) satisfies for a.s. all u e n. The 
following result is proved in [3Hll^. 

Theorem 3.1. Let x G L^(0, 1), p > 2. Then there exists a unique mild 
solution of equation which belongs P-a.s. to C([0, T]; ^^(0, 1)), for any 
T > 0. 
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We prove uniform continuity with respect to the initial datum in a bounded 
neighborhood. In order to proceed, set 



e= sup ivTaWIoo, t>o. 

te[o,T] 



'11^ 



Clearly 6' is a random variable, and < oo a.s. We need the following 
estimates, proved in Lemma 3.1 of [33,3J 

Lemma 3.2. For any p G [2, oo) there exists Cp > such that ifY{t,x) is a 
solution of (ITOl) . then 

\Y{t,x)\,<c,{9' + \x\,) 
We have the following 

Theorem 3.3. For any p G [2, oo) there exists a continuous function Cp : 
(R+y M+ such that 

\Y{t,x) - Y{t,y)\p < Cp{t, \x\p, \y\p,9)\x - y\p, x, y e 1^(0, 1) 

Proof. Here we follow [HElEj. By ( ITOl) we have 

Y{t,x)-Yit,y) = e'^{x-y) 

+ e(*-^)^^ ((r (s, x) - Y{s, y)){Y{s, x) + Y{s, y) + 2W{s)))ds. 

then 



\Y{t,x)-Y{t,y)\p<\x-y\ 
d 



At-s)A_^^y^^^ ^) - Y{^^ y)){y{s^ ^) + y{s, y) + 2W{s))) 



ds. 



'121 



As well known, e*^, t > has smoothing properties. In particular, for any 
si, S2 G M, si < S2, r > 1, e*^ maps W'^'''{Q, 1) into W'^^''{Q, 1), for any t > 0. 
Moreover, there exists Ci > 0, depending on si, S2,r, such that 



e'^z\ws2,r^o,i) < Ci ( 1 + 1-^ ) |zkn,.(o,i), ^ e iy^^''-(0, 1), (13) 



see Lemma 3, Part I in [27IB71I27] . Using the Sobolev embedding theorem we 
have 

Jt~s)Ad_^^Y{s, x) - Y{s, y)){Y{s, x) + Y{s, y) + 2W{s))) 



< e(*-^)^^ x) - Y{s, y)){Y{s, x) + Y{s, y) + 2W{s))) 

and, thanks to the above estimate with si = —1, 52 = 1/^,^-= p/2 
.it-s)Ad_^^Yis, x) - Y{s, y)){Yis, x) + Y{s, y) + 2W{s))) 



< C1C2 (1 + (t - s 
d 



1 i_ 

" 2 2p 



X 



{{Y{s, x) - Y{s, y))iYis, x) + Y{s, y) + 2W{s))) 



< C^C2 [l + {t- \iY{s,x) - Y{s,y)){Y{s,x) + Y{s,y) + 2W{s))\,_ 

< C^C^ (1 + (t - a;) - y) \^ \Y{s, x) + Y{s, y) + 2W{s) 



< CpCiC2 [l + {t- s)-^"^ j \Y{s, x) - y (s, y) \^ 

X {{29^ + \x\p + \y\p) e'+^P'' + 2) 

Now the result follows by ( |T2l) and by Gronwall lemma (see, for instance. 
Lemma 7.1.1 in [HTfl fTTjl □ 

By recalling that Y(t,x) = X{t,x) — W^a(^) it follows immediately the 
following result, which will be fundamental in the next section 

Corollary 3.4. For any p G [2, 00), x G L^iO, 1) , T > we have, F-a.s., 



lim sup sup \X{t, X + h) — X{t, x) 



\h\p<e \t&[0,T] 



4 The transition semigroup in y(L^(0, 1)) 

This section is devoted in studying the semigroup Pt, t > in the space 

C,y{L%0,l)). 

Remark 4.1. By Corollary EH it follows that for any ip G Cby{L'^{0, 1)) 

lim sup iPt'^ix + h) — Ptip{x)\ = 0. 
|/i|6<£,te[o,T] 



This, together with the estimate of Theorem 13. 3[ allows us to show that Pt 
maps the space Cby{L^{0, 1)) into itself. 
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Proposition 4.2. Formula Q defines a semigroup of operators {Pt)t>o 
Cby{L^{0, 1)) and there exist two constants Cq > 1, uq E M. and a family of 
probability measures {vrj(x, ■), t > 0, x & L^{0, 1)} C M.y{L^{0, 1)) such that 

(i) Pt e CiCt,viL%0,l))) and \\Pt\\cic,MLHo,i)) < Coe""*/ 



(li) Ptfix) = I ip{y)iTt{x,dy), for any t > 0, ip e Cby{L'^{0,l)) , x e 
L%0,1); 



H 



(ili) for any ip G Cby(L^(0, 1)), x G L'^(0, 1), the function M+ ^ M, t 
Ptip{x) is continuous. 

(iv) PtPs = Pt+s, for any t,s > and Pq = I ; 

(v) for any ip G Cb,\/(L^(0, 1)) and any sequence {ipn)nm C Cby{L^{Q,l)) 
such that 

lim = 

n^oo l + V l + V 

we have, for any t>Q, 

Ptipn TT Pt^ 



lim 



1+y l+V 



Proof, (i). Take ^ G C^y (L^(0, 1)), t > 0. We have to show that P^t^ G 
Cb,v{L\Q, 1)). By Proposition O it follows that 

\PMx)\ < Mo,vil + nViX{t,xm<cMo,vil + Vix)), 

for some c > 0. Then, we have to show that the function L^(0, 1) M. 
X I— >• Ptfix) is continuous. Fix xq G L^{0, 1). We have 

\Ptif{xo + h) - Ptv{xo)\ < E[ip{X{t,xo + h)) - ^{X{t,xo))\]. 

By Corollary [33] we have that \X (t, xo+h)—X (t, xo)\e — > P-a.s. as \h\Q 0. 
Then, by the continuity of ip it follows \ip{X{t,XQ + h)) — ip{X{t,XQ))\ 
P \h\Q 0. On the other hand, ip{X{t,XQ + h)) has bounded 

expectation, uniformly in any L^(0, l)-ball of center xq. Then, it follows that 
Ptip{xo + h) ^ Ptfi^Xo) has \h\e 0. (i) is proved. 

(ii). Take ip G Cby{L^{0, 1)), and consider a sequence {(pn)nen C Cb(L^(0, 1)) 
such that 

lim = . 

n^oo l + V l + V 
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Since 7it{t,-) is the image measure of X{t,x) in H, the representation (ii) 
holds for any ipn, that is 

Pt(pn{x) =E[(pn{X{t,x))] = / ipn{y)nt{x,dy), xeH. 

Jh 

By Proposition 11.11 we can apply the dominated convergence theorem to find 
the result. 

(iii) . For any Lp e CbyiL^iO, 1)), x E L^{0, 1), t, s > we have 

Ptifix) - PMx) = E [if{X{t, x)) - ifiXis, x))] 

Since for any T > we have X{-, x) G C([0, T], L^{0, 1)) P-a.s. (cfr. Theorem 
IXTD . (iii) follows. 

(iv) . Take ip G Cby{L^{0, 1)) and consider a sequence (v?n)neN C Cb(L^(0, 1)) 
such that (1 + Vy^ifn ^ (1 + V')"^ y9 as n — >■ cx). By the markovianity of the 
process X{t,x) it follows that (iv) holds true for any y9„. Then, since by (iii) 
(1 + Vy^Ptifn ^ (1 + V)-^Ptip as n ^ oo, still by (iii) we find 

Pt+S^ TT Pt+S^n 1. PtPs^n TT 

= lim = lim = . 

1 + ^ n^oo l + V n^oc l + V 1 + V 

(v) . Since (ii) holds and Tit{x,dy) G M.v{.L^iS^i 1)), the result follows by the 
dominated convergence Theorem. This concludes the proof. □ 

Proposition 4.3. Let X{t,x) be the mild solution of problem ([2]) and let Pt, 

t >0 be the associated transition semigroups in the space Cby{L^{0, 1)) de- 
fined by ([3]). Let also {K, D{K,Cby{L^{0, 1)))) be the associated infinitesimal 
generators, defined by (jlj). Then 

(i) for any G D[K,Cby[L^{^,\))), we have Pt^p G D{K,CbyiL%0,l))) 
and KPtip = PtKcp, t > 0; 

(ii) for any ip G D(fr, C6y(L''(0, 1))), x e H, the map [0, oo) ^ M, t 
Pt(p{x) is continuously differentiable and {d/dt)Pt<p{x) = PtKip{x); 

(iii) for any ip G C;,y(L^(0, 1)), t > 0, the function 

H^R, x^ [ PMx)ds 
Jo 

belongs to D{K,Cby{L^{0, 1))), and it holds 




= Pt(p - (p; 
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(iv) for any X > Uq, where ujq is as in Proposition \4.S\ the linear operator 
R{X,K) on Cby {L'^ (0,1)) defined by 

POO 

R{\, K)f{x) = / e~^'Ptf{x)dt, f G Ct,v{L%0, 1)), x E L%0, 1) 
Jo 

satisfies, for any f G Cby{L^{0, 1)) 



Ri\,K) E C{Cby{L\QA))), ||i?(A,ir)|U(c,,(L6(o,i))) < 



Co 



X-UJQ 



R{X, K)f E D{K, Cby{L\0, 1))), (A/ - K)R{X, K)f = f, 

where Cq is as in Proposition \4.^ We call R{X,K) the resolvent of K 
at X. 

Proof, (i), (ii) are an easy consequence of (jl]) and Proposition 14.21 (see the 
proof of Proposition 2.8 in [20201120] )• 

Let us show (iii). First, we have to check that j^^Psfds belongs to 
C6,i/(L^(0, 1)). By (i) of Proposition 14.21 for any x E i^®(0, 1) we have 



Ps(p{x)ds 



< yWoyCo / e'^^'dsil + Vix)). 



then, 



1 



sup — — 

x6L«(o,i) 1 + 



Psip{x)ds 



< oo. 



Now let us fix e > 0, Xq E L^{0, 1) and take 6 > such that 

sup sup \Ps<^{xo + h) - Ps(p{xo)\ < 
\h\e<S 

The constant 6 > exists thank to Remark 14.11 Therefore, for any h E 
L''(0, 1), \h\e < 5 we have 

/ Psip{xo + h)ds - / Ps(p{xo)ds < / \Psip{xQ + h) - Ps(p{xo)\ds < e. 
Jo Jo Jo 

By the arbitrariness of xq, it follows Pg^pds E Cfc,y(L^(0, 1)). The rest of 
the proof is essentially the same done for Theorem 2.9 in [20201I20]- CH 
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4.1 Further results 



In this section we show that the semigroup Pt is strongly continuous with 
respect to the weak convergence which has been introduced in [2E|[2]. 

Proposition 4.4. For any p G [2, oo) and any compact set K C i^^(0, 1) it 
holds 

hm sup \X{t, x) — xL = P — a.s. 

Proof. Fix T > 0. As usual, 6 is the random variable in (fTTj) . For any 
X e LP(0, 1), < t < T we have 

\X{t,x)-x\p < \Y{t,x)-x\p+\WAit)\p 



< le'^'x - x\p + \WA{t)\p + 



d_ 



{{Y{s,x)-W{s)f) 



ds 



By arguing as in the proof of Theorem 13.31 we find 



d 



^^'~'^^^^{iY{s,x)-W{s)f) 



ds 



<CiC2 



l + (t- s)-^--v] \Y{s,x)-W{s)\ds 



for some Ci, C2 > 0. Thanks to Lemma [3.21 the last term in the right-hand 
side is bounded by 

C1C2 (1 + (t - s)-^-^) (cp {e^ + \x\p) e'+^p'' + e) ds 

Finally, we have found 

\X{t,x) - x\p < |e*^x - x\p + \WA{t)\p 

+C1C2 ^ (1 + (t - [cp [e^ + \x\p) e^+^pes ^ 0^ 

According to the fact that \e^"^x — x|p as t ^ O"*", uniformly on compact 
sets of LP{0, 1), and that \W{t)\p P-a.s. as t ^ 0+ we get the result. □ 



Thanks to Proposition 14.41 we are able to improve the previous result. We 
have 
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Proposition 4.5. The semigroup Pt, t > is a strongly continuous semi- 
group in the mixed topology of Ci,y{L^ (0,1)). That is for any ip G Cby{L^{0,l)), 
T > and any compact set K C L^{0, 1) we have 

lim sup \Pt(p{x) — (p{x))\ = 

and 

sup llPtV^lloy < oo. 
ie[o,T] 

5 The Ornstein-Uhlenbeck operator 

Here we consider the transition semigroup associated to the mild solution of 
the linear stochastic equation 

dZ{t,x) = AZ{t,x)dt + dW{t), t>0 

(14) 

Z{0,x) =xeH. 

We recall that the solution is given by the process 

Z{t,x) = e''^x + WA{t), (15) 

where WA(t), t > is the stochastic convolution introduced in ([9]). We recall 
that the process Z[t,x) has a version which is, a.s. for a; e f2, a-Holder 
continuous with respect to {t,x), for any a G (0, ^) (see |1QI10[ [T0]. Theorem 
5.20 and Example 5.21). For any t > we define the Ornstein-Uhlenbeck 
(OU) semigroup -R*, t > by 

Rt<^{x) =E[<^{Z{t,x))], t>0,<peCb{H),xeH (16) 

where Z{t,x) is the mild solution of (iMl) . It is well known (see, for instance, 
IH]) the following result 



Proposition 5.1. For any p, k > 1, T > there exists a constant Cp^k,T > 
such that 



E 



sup \Z{t,x)\p 
te[o,T] 



< c,,,,T (1 + \xQ . (17) 



This easily implies that Rt, t > can be extended to a semigroup in 
the space Cb^i{H) (see also 0012], |ldll6l[TU] ).In this space, Rt is not strongly 
continuous with respect to the supremum norm. However, it is well known 
that it is strongly continuous with respect to the so called mixed topology 
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(see |ldll6l[TU] ) or, equivalently (see |ldll6l[TB] for this result), with respect 
to the weakly convergence introduce by Cerrai in We recall that a 

sequence {ipn}n C Cb,i{H) is said to be weakly convergent to ip E Cb,i{H) 
if V3„(x) f{x), Vx G H, as n — >■ oo uniformly on compact sets of H and 
sup„ llv^nllo,! < oo. So, following pEl[2]. it is possible to define an infinitesimal 
operator 

L : DiL,Cb,iiH)) C Cb,i{H) ^ a,i(if) 

through its resolvent operator (see Definition 3.3 and Remark 3.4 in 0012] )• 
By Theorem 3.7 of [2M [2i]. it follows that the operator (L, D{L, Cb,iiH))) 
coincides with the operator 

D{L, {L,CbAH))) = l^e CbAH) : e Cb^H), 



Rtip - (p 


< oo I 


t 


0,1 J 



lim ' — = g{x), Vx G H, sup 
*-^o+ t te(o,i) 

L^{x) = lim^ ^t^(x) - y(x) ^ ^ ^ D{L,Cb,iiH)), x e H. 

(18) 

It is well known the following fact (see [OTUl fTU], pOl fTH]) 

Rte'^'^\x) = e*(^*^-.'^)-f(Qt'^.'^), t>0,x,heH. (19) 

This implies that Rt : £a{H) — > Sa{H), Vt > or, in other words, that 
the set £a{H) is stable for Rt. We denote by Lq is the Ornstein-Uhlenbeck 
operator 

Lo^{x) = ^Tt[D^^{x)] + {x,AD^{x)), ^ e £a{H), x e H. 

Notice that since D{p{x) G D{A), we have L^ip G Cb^i{H). The next result 
follows by Proposition 6.2 of pETi m] 

Proposition 5.2. For any (p G Sa{H) we have (p G D{L,Cb^i{H)) and 

L(p{x) = Loip{x), X eH. (20) 

The setEA^H) is an-core for {L, D{L,Cb^i{H))) , and for anyip G D{L,Cb^i{H)) 
there exist m G N and an m-indexed sequence {^Pni,...,nm)ni,...,nmeN C £a{.H) 
such that 

lim ... hm = ^ , , (21) 

n.i^oo Jim^oo 1 + |.|2 1+|-|2 

lim . . . hm ^"^"V-'i"'" = — (22) 

rti^oo nm-^oo 1 + | ■ I2 1 + | ' b 
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Finally, if ip G D{L,Cb^i{H)) fl Cl{H) we can choose the sequence in such a 
way that ^ hold and 

lim ■■■ lim {D(pn^^...,nm^h) = {Dip,h), (23) 

for any h E H . 

Proof. Proposition 6.2 of |2]||21l[^ shows that fl2Up holds when the OU semi- 
group and the corresponding generator is considered in the space con uni- 
formly continuous functions. However, one can see that the all the approxi- 
mations hold also in Cb,i{H). □ 

The following results are proved in |2]||2H [^ in spaces of uniformly con- 
tinuous functions instead of Cb^i{H). However, one can see that the proof 
can be easy adapted to Cb,i{H). 

Proposition 5.3. Let Rt, t > be the OU semigroup (fT6l) in the space 
Cb,i{H) and let {L, D{L,Cb,i{H))) be its infinitesimal generators, defined by 
(flil). Then 

(i) Rt e C{Cb,i{H)) and RtRs = Rt+s, for any t,s> 0; 
(a) for any ip G CbA^H) and any sequence {fnjnm C CbA^H) such that 

hm . — - = . — - 

n^oo 1 -|- I ■ I 1 + I • I 

we have, for any t > 0, 

Pt^n TT PtV 

hm . — - = . — -; 

n^oo 1 + I ■ I 1 + I ■ I 

(Hi) for any (p G D{L,CbA{H)) , we have Rfip G D{L,Cb^i{H))) and LRfip = 
RtL(p, t > 0; 

(iv) for any ip G D{L,Cb^i{H)) , x E H, the map [0,oo) —^M.,t\-^ Rt{p{x) 
is continuously differentiable and {d/ dt)Rt'p{x) = RtLip{x); 

(v) for any \> uoq the linear operator R{X, L) on Cb^i{H) defined by 

POO 

RiX,L)f{x)= / e'^'Rtf{x)dt, f e Cb,i{H), x e H 
Jo 

satisfies, for any f G Cb,i{H) 

R{X,L)eC{Cb,i{H)), 

R{X, L)f G D{L, Cb,iiH)), {XI - L)R{X, L)f = f. 
We call R{X, L) the resolvent of L at X; 
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(vi) for any ip G Cb^i{H), t > 0, the function 



H 



X 



Rs(p{x)ds 



belongs to D{L,Cb^i{H)) , and it holds 



Rgipds ) = Rtip — v?. 



We now study the OU semigroup Rt in the space Cby(L^(0, 1)). Propo- 
sition 15.11 imphes that for any T > there exists ct > such that 



E 



sup V{Z{s,x)) 

ie[o,T] 



< Ct (1 + V{x)) . 



(24) 



Clearly, shows that Rt acts on Chy{L^{0, 1)). It is obvious that all the 
results of Proposition 14.21 holds also for the OU semigroup Rt, t >0. We 
define the infinitesimal generator of Rt, t > in Cby{L^{0, 1)) by setting 



D{Lv, C,y{L\0, 1))) = G C,y{L\0, 1)) : 3g G C,y{L%0, 1)), 

^^^M±zl(^ = g^^)^y^^L\0,l), sup 
*^o+ t ie(o,i) 



Rt(p - (f 


< oo ^ 


t 


o,v ) 



Lv(p{x) 



lim ^'"^^"^l ^eDiLy,C,.y{L%0,l))),xeL\0,l). 

i^0+ t 

(25) 



Remark 5.4. Since all the results of Proposition 14.21 hold for the OU semi- 
group, it follows that all the results of Proposition 14.31 hold for the OU semi- 
group and its infinitesimal generator in Chy{L^{0, 1)). 

Proposition 5.5. We have Sa{H) C D{Lv,Chy{L^{^,l))), and Lvy:>{x) = 
Lip{x) = Loip, for any ip G £a{H), x G L^{0, 1). 

Proof. Since Ci,,i{H) C Cby{L^{0, 1)) with continuous embedding, it follows 
D{L,Cb,i{H)) C D{Lv,Cby{L%0,l))). Then by Proposition E3] we have 
£a{H) C CbyiL^O, 1)) and Lyipix) = Loip{x), ip G £a{H), x G L%0, 1). □ 

We conclude this section by the following formula, which will be often 
recalled throughout the paper 

{DRtip{x), h) = Rt {{Dip, e*^/i)) (x), t>0,ipe Cl{H), x,heH. (26) 

Clearly, by the above formula it follows that Cl{H) is stable under Rt. 
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6 The approximated problem 

It is convenient to consider the usual Galerkin approximations of equation 
([2]). For any m G N we define 

bm{x) = Pmb{PmX), X E H 

where 

m 
i=l 

We consider the approximating problem 

dX^'it) = (AX'^it) + bm{X"'{t))dt + dW{t), 

(27) 

X'"(0) =x, 

By setting Y"^{t, x) = X"^{t, x) — ly^(t), the corresponding mild form is 
Y^{t, x) = + e^'-'^^P^D^ {PmiY^{s, x) + WA{s))f ds, (28) 

Since for any m G N the identity 

{bm{x),x) = 0, X e H 

holds, all the estimates of Proposition II. ![ F6.2l are uniform on m and we have 
the following result. 

Theorem 6.1. For any x G L^(0,1), p G [2,oo) there exists a unique mild 
solution X^ G ^^(0,1) of equation ( 1271) . Moreover, for any Xq G L^(0, 1), 
6 >0 andT >0 



lim sup \X"'{t,x) - X{t,x)\p = 

t€[0,T] 

We denote by the transition semigroup 

P,Xx) =E[(/;(X™(t,x))], t>0,y^eCby{L%0,l)),xeL%0,l) (29) 
By a standard argument, we find that for any Cby{L^{0, 1)) we have 

Pr'ip ^ Pm 
lim = t > 0. 

m^oo 1 + 1 + V ~ 
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For any m G N, we define the infinitesimal generator of the semigroup P™, 
t > by 



D{Km, Cb,viL%0, 1))) = jv' G ay(L6(0, 1)) : 3g G ^^(^^(0, 1)), 

/r^(x^Z^ = ^(a;), :reL6(0,l), sup 
*^o+ t te(o,i) 





< oo> 


t 


o,v ) 



K^^{x) = hm ^^^^""^^ ^^""^ G a,y(L''(0, 1))), x G L'^lO, 1). 

(30) 



It is clear that all the results of Propositions 14. 2[ 14.31 hold for P™, t > and 
for its infinitesimal generator {K^, D{Km,Cby{L^{0, 1)))). 



6.1 The differential DPJ^ip 

Usually, one derives estimates on the differential DPfip directly from the 
estimates of the differential of the solution X{t,x). This method 

cannot be applied here, by the lack of informations about X^it, x). In [8BII5] . 
it is proposed to consider a Kolmogorov operator with an additional potential 
term 

K'^ifix) = Kqlp{x) - c\x\\ip{x), LP G £a{H) 
and the corresponding semigroup given by the Feynman-Kac formula 



StV{x) 



E 



By using a generalization of the Bismut-Elworthy formula (see |llj|I2l[T^ ) and 
some estimates on X^it^ x) the authors are able to get estimates on DS{t)ip. 
Then, by the formula 



Ptcp = St(p + c St-s (I ■ \W) ds 
Jo 



they get estimates on DPfip. 

This method has been successfully implemented to get solutions for the 
3P'-Navier-Stokes equation (see [30 [Z], |13I15[ [T5]). It has been also used 
to get smoothing properties of the differential DPtip, with applications to 
control problems (see, for instance, 0011], [SEIIS], (2^21122]) 

The following result is proved in Proposition 3.6 of [3EII8]. 

Proposition 6.2. There exists c^i > such that for any m E N, t > and 
ip G Cl{H) with Dip G CbiH; H\0, 1)) we have DPJ^ip^x) G //^(0, 1) and 



IP) P;"(^(x) 1/^1(0,1) < {\\D<p)\\c,{H;HHO,l)) +c||<^||o) (1+ \x\f>) 



8 LJlt 
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The following two results are essential for the proof of Theorem 17.11 

Proposition 6.3. Take A > Uq, Ui, where ujq is as in Proposition "JTE and 
Ui is as in Proposition \6.2[ Let f G £a{H) and, for m G N consider the 
function 

poo 

L\0, 1) ^ M, X ^ ifix) = / e-^'Pl^f{x)dt. 

Jo 

Then 

(i) if is continuous, hounded and Frechet difjerentiable in any x G L^(0, 1) 
with continuous differential D(f G C{L^{0,1); H^{0,1)). Moreover, it 
holds 

\D^{x)\hho,i) < {\\Df\\cuH;HHo,i)) + c\\f Wo) (1 + \xUf ; (31) 

A — UJi 

(li) ^ belongs to D{Lv,Cb,v{L^ {0,1))) ^ D{K„„Cb,v{L^ (0,1))) and 

K^if{x) = Lyipix) - i (D^PrnDipix), (Pmx)^) , Vx G ^^(0, 1). (32) 

Proof. Notice that the mild solution of flTTl) is defined for any x G L'^{0, 1) = 
H (cfr. [MIE]). Then, the transition semigroup Pt can be defined in Cb{H). 
So, since / G Cb{H), it follows ip G Cb{H). By Proposition (16. 2p we have 

POO 

\Dip{x)\Hiio,i)< / e-^'\DPJ{x)\Hiio,i)dt 
Jo 

POO 

< / e-^'--^^'dt (||Z^/||c,(i/;Hi(o,i)) + c||/||o) (1 + \x\e)' 



and dSH) follows. Still by §3) we get G C{L%0, 1); H\0, 1)). Indeed, for 
any x,h E L^{0, 1), 

\D(p{x + h)- D^D(p{x)\ HI (0,1) 

< {\\Df{- + h)- D/(-)|la(H;Hi(o,i)) + c||/(- + h)- /(Olio) (1 + \x\e)' 

Since / G Cb{H), and Df G Cb{H; H^{0, 1)), by uniform continuity it follows 
\D(p{x + h) — Dy9(a;)|j^i(o,i) as \h\e 0. This concludes the proof of (i). 

Let us prove (ii). Since the semigroup P/", t > satisfies the state- 
ments of Proposition \4.2\ it follows that its infinitesimal generator enjoys 
the statements of Proposition 14.31 In particular, we have = R{X, Km)f 
and therefore ip G D {Km, Cby{L^ (0,1))). Then we have to show that (p G 
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D{Lv,Cby{L^ {0,1)))- Now let Rt, t>0 be the OU semigroup and 
let (Lv, D{Lv, Cby{L^{0, 1)))) be its infinitesimal generator in Chy{L^{0, 1)). 
Fix X e L^iO,li T > and for t e [0,T] set = X""(t^x), = 

Z(t,x). By (EBD, dUD we have 



and consequently 

P,Xx)=E[(/.(X™(t))]=E 



^ Jo 



Notice that since / G Cl{H), by (IHTj) we get that the function L^(0, 1) 
X 1-^ Dip{x) is continuous. Then, by Taylor formula we have 



+ 

2 



(33) 



We claim that 
-1 



lim -E 



^ (Z}y.(ex™(t) + (l-0^(t)),^ e(*-^)^P™D^(P^X'"(.))2rfs)rfe 

(34) 



= -{D^P^D^{x),{P^xf) 
holds. By Theorem 13.11 for any T > we can write 

x{t) = x + ei(t) 

Z{t) = x + e2{t), te[o,T] 

where 6i{t), 62{t) : Q ^ H, t & [0, T] are random variables such that 61,62 G 
C([0, T];H) P-a.s. and 6i{0) = ^2(0) = 0. On the other hand, by Proposition 
16.31 we can write 

Dip{x + z) = Dip{x) + r]{z), zeH 

where rj G C{H, H^{0, 1)) and //(O) = 0. With these notations we have 

Dip{^X"^{t) + (1 - OZ{t)) = D^{x + ^6^it) + (1 - 0^^2(t)) 

= Dip{x)+vm{t) + {l-062{t)). 
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Then 



lim sup |D<^(eX-(t) + (l-0^(t))-/^V^(x)|HMo,i) 

5e[o,i] 



lim sup |r7(e^i(t) + (l-0^2(t)) 

*^o+Ce[o,i] 



0. 



(35) 



iy-i.2(o,i) 



liy-i.2(o,i) 



rfs. (36) 



For any t > we have 
* Jo 

Jo 

The first term on the right-hand side is bounded by 

- f \P^D^ {{P^X^{s)f - {P, 
Jo 

<jj^ \{P^X^{s)f-{P^x)\ds 

<\ j\x^{s)-x\,\X^{s)+x\,ds. 

Since X'" e C([0,T];/7) P-a.s., it follows 

^hm ^ |e(*-^)^P^D5 {{P^X'%s)f - (P„x)2) |^„,,,^^_^^ rfs = 0, P-a.s. 

Since the semigroup e*"^, t > can be est ended to a strongly continuous 
semigroup in iy~^'^(0, 1), for the last term of (J36i) it holds 

lim - f \e^'-'^^P^D^{P^xf - P^D^{P„ 
t^o+ t Jq 

Hence, by ( l36l) we have 



IW-1>2(0,1) 



= 0. 



lim 

t^o+ 



1 f e^'-''^^P^D^{P^X^{s)fds - PmD^{P„ 
Jo 



X) 



0, P-a.s. 



iy-i.2(o,i) 



This, together with flHzl) and an integration by parts, implies 
lim - f (D^{iX^{t) + {l-i)Z{t)), f e^'-'^^PmD^{PmX^{s)fds)di 

t-^0+ t Jq \ Jq I 
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= {D^{x),P^,Di^{P^xf) = -{D^P^D^ix), {Pmxf), P-a.s. (37) 

In order to obtain it is sufficient to show that the terms in the above hmit 
are dominated by an integrable random variable. Indeed, for any t G (0, T] 
we have 

J (D<^(eX™(t) + (1 - e'^'-'^^PmD^{P^X'^{s)fds)di 

f Dv{iX^{t) + {l-i)Z{t))di 
Jo 



1 

< - 
~ t 



e^'-'^''P^D^{P^X''\s)fds 



< f \D^{iX^{t) + (1 - e)^(t))lHi(o,i) 
Jo 

\e^'-'^^P^D^iPmX"^{s)f\ 



iy-i>2{o,i) 



W-l. 2(0,1) 



ds 



<h{t) X hit). 



Set 



/' \\Df\\ct{H;H^O,l)) 



+ C 



X — uji 



By f lHT]) we have 



|Dy;(eX'"(t,x) + (1 - OZit,x))\HHo,i)d^ 
<C^ {l + \^X"^it,x) + il-OZit,x)\l) 

<C^ [ {1 + ^\X"^{t,x)\l + {1 - 0\Z{t,x)\l) d^ 
Jo 

<C^ll + sup |X™(t,x)|«+ sup \Zit,x)\l 

\ te[0,T] t€[0,T] 

Here we have used the convexity of the function z \z\q. For hit) we have 

/2(t)<7 f \{P^X^{s))\ds 
t Jo 

<-! \X^{s)\lds<c sup 
Jo te[o,T] 

Then, for any t G (0, T] we have 
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<cC^\l + sup \X"'{t,x)\l + sup \Z{t,x)\l \ I sup \X^{t)\\\ (38) 
\ t6[o,T] te[o,T] y \te[o,T] 

Notice that by Propositions 11.11 (15. ip the random variable 



g{x):=cC^\l + sup \X^{t,x)\l + sup \Z(t,x)\l \ I sup \X^{t% 



ie[o,T] 

belongs to L^(i7,P) and 



tG[0,T] 



*e[o,T] 



E[^7(x)] <C(l + |a;|S|x|2) 
for some C > 0. Consequently, since for any t G (0,T] 
1 



t 



(39) 
(40) 

< 9{x) 



by the dominated convergence theorem and by (1371) follows as claimed. 
By ([33]), ([3lD and by the fact that ip e D{K^,Ci,y{L^{Q, 1))) we obtain 

lim ^^^(^) - ^(^) = + 1 (D^P^D^(x), (P„x)2) , Va; G L^(0, 1). 



Now, by (I38D, dSi), (iOD we have 





PtV5(x) - Lp{x) 


< sup 


sup 


t 


iG(0,T] 


te(o,T] 



pr^(x) - ^(x) 



E[(^(x) 



<c{l + V{x)) 



since G P'(K^, C^y (^^(0, 1)). This implies ip G ^(Ly, C^y (^^(0, 1))) and 
follows. □ 



Proposition 6.4. Fix m G N, / G £a{H) and let ip he as in Proposition 1 6. 3[ 
Then, there exist k E N and a k-indexed sequence {iPni,...,nk)nim,...,nkeN C. 
£a{H) such that 

(41) 
(42) 



V^ni,...,nfc TT ip 



lim ■ ■ ■ lim 

ni^oo Hk^oo 1 -\-V 1 + V 

LoiPni,...,n^ TT Lip 



and, for any h E H 



lim ■ ■ ■ lim 

ni^oo nk^oo 1 -\- V 1 + V 



{D^DiPn^^...,n„,h) ^ {D^Dip, h) 

|8N • 



lim ■ ■ ■ lim i is\ ~ / 

ni— ►oo rifc^oo (1 + | ■ |g) (1 + 



(43) 
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Proof. Set 



1 I -1| -A I 

I + p \ep x\ 



Clearly, 



lim 

p^QO 1 + 



ip{ep x), X & H, p E N. 



1 + 



(44) 



By the well known properties of the heat semigroup, ep^x G L^{0, 1), for any 
X E H. Then, since by Proposition 16.31 we have (f G Cb(L^(0, 1)), it follows 
that ipp : H ^ W is bounded. Moreover, an easy computation show that ipp 
is continuous. Then, ipp G Cb{H). A standard computation show 



(Di^pix), h) = _ 8^(e^^x)|ei^x|,^((eiV,eM/.)^ ^^^^ 



1 I —II -A IS 

1 + j9 ^\ep x|g 



p ( 1 + p'^lep'^xlg 



x,h E H. Hence, by taking into account ( 13T|) . there exists c/ > 0, depending 
on /, such that for any x G L^{0, 1) we have 

m ^ -A \\ \ ^Ai\ oil II I |7| 131 iA,| 

1 + p^'^\ep x\l 



< 





lA 




e) 




lA 






(A-cul) 



p [1 + p~^\ep x\ 

oil II I -A no 

/||V9||o|ep x\q 



+ 



p [1 + p ^\ep X 



-II -A 18 

-I- I /3 C 'T^ I " 

D 



I -At I 



Then, tpp is Frechet differentiable in any x E H and its differential is bounded. 
An easy but tedious computation shows that Dipp : H C{H) is continuous. 
Therefore, ipp G Cl{H). In addition, as easily checked, by formula (l45l) and 
by (EH) (which gives the bound for Dip) it follows 



lim 



Wp.h) . {D^,h) 



p-<X) 1 + I ■ |« 1+1 

For any n2,n3 G N, consider the function 



18 ' 
l6 



V/i G 



(46) 



Jo 
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By (vi) of Proposition 15.31 we have ipn2,ns ^ D{L,Cb^i{H)) and by fl2U|) we 
have tlJn2,n3 e Cl{H). Then 

V'na.na € D{L, Cb,i{H)) H Cl{H) , U^.Tl^ G N. 



Then, by Proposition 15.21 there exists a sequence! {'?/'n2,n3,n.4}n4eN C Sa{H) 
such that 

hm '?/'n2,n3,n4 = 4'n2,n3, Lo'?/'n2,n3,n4 = Llpn2,n3 (47) 
724— >oo ?14— >oo 

hm {^Dll)n2,n3,nAi 



Now set 



"1 







i_ 
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V^ni,n2,n3 — ^2 Rf+J-'^nsdt — i? J_ ^/'jjj.ns ; 

Jo "1 "1 

V-'ni,n2,n3,n4 R -^"4^ n2 ,113 ,n4, 
"1 

As easily checked, by the definition of V'ni,n2,n3,n4 and by dSj), (j44 

1- i- 1- 1- V^ni,n2,n3,n4 tt 

hm hm hm hm — 



ni— >oo n2— >oo 713— >oo n4— >oo 



18 • 



which imphes ( 1411) . 

Let us show Since ^/'n2,n3,n4, by we have that V5ni,n2,n3,n4 ^ ^^^(-f^) 
and by Proposition 15.21 we have 

L(Pni,n2,n3,n4 = -Z^0V'ni,n2,n3,n4, Vni, n2, ns, ^4 G N. 

Consequently, by f HTl) and by (iii) of Proposition 15.31 

lim LoV9ni,n2,n3,n4 = 1™ Rj-Ll/jn2,n3,n4 
n4^oo 714— >oo "1 

Rj^LlpYi2,n3 LRj^lpji^ n3 -^V^ni ,n2,n3 • 

By (vi) Proposition 15.31 we have 

LRj_1pn2,n3 = ^2 (Rj_ + J_1pn3 " -R^^n3 ) • 
"1 \ "1 "2 "1 / 

^we assume that the sequence has one index 
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Therefore 



\ "1 "2 "1 / ]L l;^ V "1 "2 "1 



lim lim — ^— — = lim 

n2^oo 713^00 1 + V 712— >oo 1 + V 

^ l + V ' 

The last equahty follows by (v) of Proposition 14.21 and by the fact that 
if e D{Lv,Cby{L%0,l))). Finally, since 

lim - ^ 



ii-oo 1 + V 1 + 1/' 

(1421) follows. 

Let us show (l43l) . Notice that for any ni, ^2, na, n4 G N, /i G -f^o(0, 1) we 
have 

Here we have also used formula (1261) . By the elementary properties of the 
heat semigroup, for any t > the linear operator D^e^^ : i^o(0, 1) H, 
z 1—^ D^e^^z is bounded by \D^e^'^z\2 < ct~^^'^\z\2, where c > is independent 
of t. Then Li^e" : H^{0, 1) ^ H can be extended to a linear and bounded 
operator in H, which we still denote by D^e"^ . Then by ( HHl) we have 

lim {D^DLpn^^n2,n3,n4,h) = {D^DLPn^^n2,n3, h) , V/l G H. 
n4— >oo 

By the same argument we find 

lim {D^DLpn^^n2,n3,h) = {D^D(frii,n2, h) , V/i G H. 
n3— >oo 

Notice now that by definition of ^Pni,n2 "we have 

{D^DLpnuriiix), h) = R_2_ (^{^DgC^^D^n^ , /l^j (x), X,h G H. 
—A 

Now, since Z)^e"i : H ^ H is linear and bounded, by fHUj) it follows 

n2^oo 1 + I ■ li ~ 1 + I ■ li 
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Hence, by Proposition 14.21 (cfr. Remark 15 ■4p we have 



^.^ {D^DiPn^^n2,h) ^ {D^Dipn^,h) 
na^oo 1 + I ■ 1^ ~ 1 + I ■ li 

Finally, by Proposition 14.21 applied to the semigroup Rt, t > we find 



lim — ^ — j — To — = lim 



^ {D^Dif, h) 



This complete the proof. □ 



7 Main result: a core for K 

In order to prove Theorem 17.11 below we show that K is an extension of 
Kq and that (A/ — Kq){£a{H)) is dense, with respect to the vr-convergence, 
in Cfe,y(L^(0, 1)). The proof follows a scheme which has been successfully 
implemented in pUECTl l^ and [20201120] ■ Here we give all the details. We 
stress that a crucial role is played by the estimates for the differential DPt 
given in the previous section. 

Theorem 7.1. The operator {K, D{K, Ci,y{L^{0, 1)))) is an extension of Kq, 
and for any (p G £a{.H) we have ip G D{K,Ci,y{L^{Q, 1))) and Kip = Kqlp. 
Finally, the set Sa{H) is a n-core for {K, D{K,Cby{L^{0, 1)))), that is for 
any ip G D{K,Cby{L^{0, 1))) there exist m G N and an m-indexed sequence 
(¥'ni,...,n„)nieN,...,n^eN C £a{H) such that 

lim ... hm '^"^-•f- ^ 

ni— >oo rim— ►oo 1 + K 1 + K 

and 

lim ... lim ^"^"-V;""^ = ^ 
We split the proof into two lemmata. 
Lemma 7.2. K is an extension of Kq and Kip = Kq(p for any (p G £a{H). 
Proof. Take h G D{A). It is sufficient to show the claim for 
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Let (L, -D(L, Cft be the infinitesimal generator in Cf,^i{H) of tlie Ornstein- 

Ufilenbeck semigroup associated to tlie mild solution of (fT^ and, for any 
m G N, let {Km, D {Km, Cby{L^ (0,1)))) be the infinitesimal generator of 
the semigroup P™, t > in Cby{L^ {0,1)), as defined in (El), ([30]). Since 
Sa{H) C D{L,Cl{H)) nCb,i{H), by arguing as for Proposition 16.31 we find 
that for any t > 0, x e L^{0, 1) it holds 

pr^{x) - RMx) 

y^{^Z{t, x) + {l- x))d^ (^h, e^'-'^^PmD^{PmX'^{s, x)fds'^ 

^{^Z{t, x) + {l- x))d^ [ {h, e^'-'^^PmD^{PmX"'{s, x))^) dsdi 



-E 



1e 

2 



2 



^(e^(t, x) + (1 - /* {D^PmC^'-'^^K {Pn.X^{s, x))^) ds 

Jo Jo 



In the above computation we have used D(f{x) = i(f{x)h, x G L^(0, 1). 
Letting m — > oo, by Theorem 16.11 we find 

Ptip{x) - ip{x) = Rt(p{x) - ip{x) 



2 



L^o 



v{^Z{t, x) + {l- OX{t, x))d^ / {D^e^'-^'^^h, {X{s, ds 



This implies, still by arguing as for Proposition 16. 3[ 

/_im ^^^^"^^ ~ ^^"^^ = Lv{x) - '-v{x){D^h,x') = L^{x) - \{D^D^{x),x^) , 
for any x G L^{0, 1). As easily seen, \D^e*'^h\2 < 7i\D^h\2, then 



Ptip{x) - ip{x) 



< 



Rt(p{x) - (p{x) 



2t 



E[\X{s,x)\l]ds 



Now, since ip G D{L,Cbi{H)), the first term of right-hand side is bounded 

by 

Rtv{x) - ip{x) 



< C(l+ |X|2) 



where c^^t > depends only by ip and T. By Proposition ILll the last term 
on the right-hand side is bounded by 



2t 



\[\X{s,x)\l]ds < H^E[ sup \X{t,x)\l]ds < ^^'y^ (l+|a;|^), 

^ te[o,T] 2 
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where > depends only by T. Then, 



sup 



t 



< oo. 



Q,V 



This imphes if G D{K, Cby{L%0, 1))) and K<^ = Lyip -\{Di:Dip, {-f). Con- 
sequently, the claim follows by Proposition 15.51 □ 

Lemma 7.3. £a{H) is a n-core for {K, D{K,Cby{L^ (0,1)))) , that is for 
any (p G D{K,Chy{L^{0, 1))) there exist m G N and an m-indexed sequence 

(V5n.i,...,n„)niGN,...,n,„eN C Sa{,H) SUch that 



and 



lim ■ ■ ■ lim 

ni^oo rim^oo \ -\- V 1 + K 

lim ... lim E^Vn^^^ 

rii^oo rim^oo 1+1/ 1 + K 



(49) 



(50) 



Step 1. Take if G /^(K, C;,y (L^(0, 1))) and fix A > ujq, cui, where ojq is as in 
Proposition 14.21 and uoi is as in Proposition 16.21 We set Ay? — Kip = f. By 
Proposition 14.31 we have ip = R{\,K)f. Let us fix a sequence {fnJmeN C 
Sa{H) such that 

lim ^ — 

m^oo 1 + V 1 + V 

We set (pn, = R{\K)fn^. By Proposition i^l lU it follows 



lim 



lim 



+ 1 + 1/' „,_ool + V 1 + y 



(51) 



Step 2. Now let (-ft^m, /^(i^'mj Chy(L^(0, 1)))) be the infinitesimal generator 
of the semigroup P/", t > in the space C;, y(L^(0, 1)), as defined in 
We set 



•n,2 



e-^'Prfn,dt. 



By Prop osit ion 14 . 3 1 we have (Pni,n2 ^ D{Kn2,Cby{L^{0, 1))) and by a standard 
computation 



lim 



712 I" 



"2-^00 1 + 1/ 1 + 1/ n2- 



lim 



1 + 1/ 



1 + 1/' 



(52) 



Notice that /„j satisfies the hypothesis of Proposition 16.31 Hence, ipm. 
D{Lv,Cby{L%0,l))) and 

Kn2^ni,n2 ~ L(pni,n2 2 (-^C-^"2 ^'/'ni ,"2 5 (-^"2') ) ) 
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(53) 
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for any rii, ?7,2 G N, a; G L^{0, 1). In addition, by flHTl) it holds 

\{D^D(fnun2{x),x'^) - {D^Pn^Difm,n2{x),{Pn2xf)\ 

^ |-DV^n.i,n2 (2^) 1^1(0,1) 1^? (*^ ) ~ Pn2D^{Pn2x) 2(0,1) 
^ f l|-Py^ni||c,(H;gl(0,l)) + c||v9ni||o \ ,^ ^ , , .8 

~ V A - cui ) ^ 

X |Z?^ (x ) — Pn2D^{Pn2x) lvi^-i.2(0,l) 

for any x G lv^(0, 1), where iy"^'^(0, 1) is the topological dual of i?^(0, 1) 
endowed with the norm | ■ |vy-i.2(o,i)- Consequently, 

^.^ {DiD^n^,n2{x),x'^) - {D^Pr,2Dfm,n2{x), {Pn2xf) ^ q ^^^-^ 
n2^oo 1 + 

Step 3. By Proposition 16.41 for any ni,n2 G N there exists a sequence (we 
assume that it has one index) {^Pni,n2,n3}n3m C Sa{H) such that 

^™ 1 IT/ = TTl? 

^™ 1 IT/ = 1 IT/ ^^6) 

and 

na^cx) 1 + I • 1 + I ■ le 

Then it follows 

^™ TTiT = ^ TTiT ■ 

713^00 i + V i + V 

step 4. By construction, (V5ni,n2,n3)ni,n2,n3 C £a{H). By (EI]), ([52]), ([55]) 

lim lim lim '^"^'"^'"^ - 



rii— »oo n2— >oo 713— >oo 



l+V l+V 



Hence ( |49]) follows. Let us show ( l50]) . By Lemma r7.2[ for any ni, 712,713 G N, 
X G i^^(0, 1) we have 

-^'/'ni,n2,n3 (•^) -K'o'/'nj ^J2,n3 (•^) -^0V-''^i,fi2i™3 2 {'^€^-''^1 ,?^2i'T'3 ' } " 
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By m, dSZD, 



lim 



ni,n2^ (■) ) 



na^oo 1 + 

By §^ it holds 



l + V 



Kn2^'^ni,n2 ni,n2) 



By (E 



lim 

na— >oo 



-^V-'rii ,n2,n3 2 

ni,n2,n3) 



n2 



1 + r 



l + V 



Finally, by (ETJ), ([521) we have 



lim lim 



ni— >oon2^oo 1 + 1 + ^ 

8 The Fokker-Planck equation and Proof of 



Theorem 11.2 



Since the semigroup Pt ,t > is markovian and Theorem 13 . II holds, it follows 
that Pt , t > acts on Cb{L^{0, 1)). In particular, we have that Pt, t > 
is a vr-semigroup on Cb{L^{0,l)), as introduced in |24B4l[2^ . We define its 
infinitesimal generator by 



D{K,CbiL%0,l))) = 1^ G D{K,Cb{L%0,m : 3g E Cb{L%0,l)), 
lim - y^(^) = g^^)^ ^ e L\0, 1), sup 

*^0+ ^ t6(0,l) 



PiV9 - V5 


< oo ^ 


t 


J 



Kv'la;) = hm ^''^^''^^ ipeD{K, Cb{L\0, 1))), x G L^(0, 1). 

We have the following 



(58) 



Theorem 8.1. The family of linear maps P; : (Cfc(L^(0, 1)))* {Cb{L^{0, 1)))*, 
t > 0, defined by the formula 



iv, p:f) 



<x{C6(L6(0,l)),(C6(L6(0,l)))*) 



(C,(L6(0,l)),(Ci,(L6(0,l)))*)' 
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where t > 0, F E (C;,(L^(0, 1)))*, ip G Cb{L^{0,l)) , is a semigroup of linear 
operators on (Cb(L^(0, 1)))* which is stable on ^A{L^{0,1)). Moreover, for 
any fi G A4{L^{0, 1)) there exists a unique family of measures {fit, t > 0} G 
M{L%0,1)) fulfilling 

llitlrviL^iO, l))dt <oo, T > 0; (59) 



(p{x)jit{dx) — / (p{x)jj,{dx) 

L6(0,l) JL(i{0,l) 



K(p{x)fisidx) \ds, (60) 

L6(0,l) / 

for any (p G D{K,Cb{L^{0, 1))), t > 0. Finally, the solution of dSHD, & is 
given by Pffi, t > 0. 

Proof. The proof of this theorem is very similar to the proof of Theorem 1.2 
of [2UE01 I20]. We stress that in [2nE0l [20] the space ^^(0,1) is replaced by 
a separable Hilbert space H and that Cb{L^{0, 1)) is replaced by the space 
Cb{H), the Banach space of all the uniformly continuous and bounded func- 
tions 99 : if — >■ M, endowed with the supremum norm. However, one can see 
that all the results remain true with continuity replacing uniform continuity 
and L^{0, 1) replacing H (see, also, [2M31 I23]). □ 

Thanks to Propositions 14.21 and 14.31 the above theorem can be extended 
to the space CbyiL^iO, 1)). 

Theorem 8.2. Let {Pt)t>o be the semigroup defined by ((HI) and let us consider 
its infinitesimal generator {K, D{K,Cby {L^ {0,1)))) given by (jll). Then, the 
formula 

PtF)cT{Ci,v{L<^ (0,1)), {Cf,,v(L6(0,l)))*) = {Pt^, ^)a(Ci,,v(i«(0,l)), (Cf,,v(i«(0,l)))*) 

defines a semigroup P^ , t > of linear and continuous operators on {Cby{L^{0, 1))" 
which is stable on Aiv{L^{0, 1))- Moreover, for any measure fi G ^^^(-^^(0, 1)) 
there exists a unique family {fit, t > 0} G Aiv{L^{0, 1)) such that ([6]) holds 
and 



(p{x)fit{dx) — / (p{x)fi{dx) 

( [ K<p{x)fis{dx)^ ds (61) 

for anyt>0, <pG D{K,Cb,v{L^{0, 1))). Finally, the solution of (El), (Ell) is 
given by P*fi, t > 0. 
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Proof. Since Pt, t > acts on Cby{L^{0, 1)) (see Proposition 14.21) . it follows 
easily that P^ acts on (C;,y (L^(0, 1)))*. Let us show that P* is stable on 
MvIl%0, 1)). Take E MviL^iO, 1)). By the linearity of P;, it is sufficient 
to take n non negative. By Theorem 18.11 we have P*^ G A4{L^{0, 1)). Con- 
sider a sequence of functions {ipn)nm C Cfc(L^(0, 1)) such that ipn{x) V{x) 
as n — >■ oo and < ip{x) < V{x), for any x G -^^^(0, 1). By Proposition 14.21 
we have that 



n^oo 



lim Pj?/'„(x) = lim / ^n{y)T^t{x,dy) 

'L6{0,1) 



V{y)Tit{x,dy) = PtV{x) 

L6(0,l) 

and 

Pti^n{x) = [ iJn{y)nt{x,dy) < [ V{y)'Kt{x,dy) < c{l + V{x)) (62) 

hold for any x G i^^(0, 1) and for some c > 0. Hence, since G A^y(L^(0, 1)) 
by the dominated convergence Theorem we have 



V{x)P^ jj,{dx) = lim / i/jn{x)Pi jj,{dx) 

L6(0,l) "^°°iL6(0,l) 



lim / Ptipnix) fi{dx) 



n— >oo 



L6(0,l) 



lim / / ^„(y)7rt(x, (iy) ) /i((ix) 



PtV{x)n{dx). 

L6(0,l) 

Then, by ((62]) 

/ r(x)PiV(dx) < / < c(l + V{x))n{dx) < oo, 

since G A^y(L6(0, 1)). Recalling that P^/i G ^^(^^(0, 1)), it follows P^/i G 
Mv{L%0,l)). 

Let us now prove the remaining part of the theorem. We split the proof 
in two steps. 

Step 1: Existenceofasolutionof (ED, (EH). Let us fix G A^v(^^(0, 1)). 
By the first part of the Theorem, we have P*fi G A^y(L^(0, 1)), for any s > 0. 
We now show that for any ip G D{K,Cby{L^{0, 1))) the function 



[0, oo) ^ M, s ^— s> / Ps(p{x)iJ,{dx 
Jl6(o,i) 
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is differentiable, with continuous differential 



t ^ / Kip{x)P*fi{dx). 



Jl6(o,i) 



By (HD we have, for any (p G D{K,Cb,v{L^{0, 1))), 



lim - / Ps+h'-p{x)fi{dx) - / Ps^{x)fi{dx) 




\(! KP,,ipix)p:f,idx) - [ ifix)p:fiidx)) 

I'' V^LO(0,l) ^L6(0,l) / 




/ K(f{x)P*fi{dx) 



Jlo(o,i) 



Since K(p G Cby{L^{0, 1)), we have 




Then, by Proposition 14.31 this is a continuous as function of s. By the 
fundamental theorem of calculus it follows that P^fi, t > solves (E]), ( l6Ti) . 
Uniqueness of a solution. Assume that {fit, t > 0} C 7Vly(L^(0, 1)) 
fulfills dnH). It is straightforward to show that D{K,Cf,iL^{0,l))) C 
D{K,Cb,viL%0,l))). Then holds for any ip e D{K,CbiL%0,l))). It 
is also obvious that implies fl59p . Then, by Theorem 18. if follows that 
lit = Ptf^, for any t > 0. □ 

8.1 Proof of Theorem D 

Take /i G 7Wv(L^(0, 1)). As before, we split the proof in two steps. 
Existence of a solution of (Q, ([7]). Fix /i G MviL^{0, 1)). By Theorem 
18.21 we have that the family t > fulfills On the other hand, by 
Theorem Owe have SAiH) C D{K,Cb,viL^iQ, 1))) and Kcp = Ko^p for any 
if G SAiH). Then, by (EI]) it follows that (CD holds for any t > 0, G SAiH). 
Then, P^/x, t > is solution of (E]), (JT]). 

Uniqueness of the solution. Assume that {fit, ^ > 0} C A^y(L^(0, 1)) 
fulfills dHD, dZD- Take cp G CbyiL^iO, 1)). By Theorem O there exist m G N 
and an m-indexed sequence (v5ni,...,n„)ni,...,n„GN C SAiH) such that 



lim 



lim 




1 + r 
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and 



lim ■ ■ ■ lim 

rtl^OO Hm^OO 1+1/ 1 + K 



Then, since {yUt, t > 0} C A^v-(^®(0, 1)), by the dominated convergence 
theorem we have 



hm ■■■ hm / ^n^,...,nm{x)^^t{dx) - / ifm,...,nm{x)^i{dx] 



(p{x)fitidx) — / (p{x)fi{dx) 

L6(0,l) ^6(0,1) 



Similarly, for any s G [0,t] we have 



lim ■■■ lim / KQ(pm,...,nm{^)lJ's{dx) 



ni^oo rim -+00 ./^6(q 

i^V9(x)/is('ia;). 

'L6(0,l) 

Therefore, by ^ we can still apply the dominated convergence theorem to 
find 



m— >00 Jim— »00 



lim ■■■ lim / / Koipm,...,n,^{,x)iis{,dx) ] ds 

V^L6(0,l) 



Kip{x)jj,s{dx) j c/s. 

Then, {/x^, t > 0} is solution of © and dHI]), for any (f G D{K, Cby{L^{0, 1))). 
But by Theorem 18.21 such a solution is unique, thus /it must coincide with 
P^fj., Wt > 0. The proof is complete. □ 
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